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Double Copy

KLT relations

Kawai, Lewellen, Tye, ’86:

(closed string amplitude) ∼ (open string amplitude)2

BCJ duality

Bern, Carrasco, Johansson, ’08:

(gravity amplitude) ∼ (gauge amplitude)2

Proven at tree level, thought to hold in general.
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Color/kinematics duality (BCJ)
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Classical double copy
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Kerr-Schild double copy
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Kerr-Schild double copy
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Example: Schwarzschild black hole
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Other examples
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Self-dual double copy [Monteiro, O’Connell, White, 2012], [Berman, Chacón, Luna, White, 2019]

Self-dual solutions

F = ± i ?0 F , Cab = ± i ? Cab ,

“Fourier transform” of Kerr-Schild

gµν = ηµν − 2k̂µk̂ν(φ)

Symmetry of graviton =⇒ [k̂µ, k̂ν ] = 0

Null condition =⇒ ηµν k̂µk̂ν = 0

Geodesic condition =⇒ k̂ · ∂ = 0.

Self-dual solutions are complex =⇒ φ is complex.
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Self-dual double copy [Monteiro, O’Connell, White, 2012], [Berman, Chacón, Luna, White, 2019]

Impose vacuum Einstein equations:

Rµν = 0 =⇒ ∂2φ+ (k̂µk̂νφ)(∂µ∂νφ) = 0 ,

Define totally null coordinates:

u = 1√
2

(t − z) , v = 1√
2

(t + z) , ζ = 1√
2

(x + iy) , ζ̄ = 1√
2

(x − iy) .

Explicit expression for k̂µ:

k̂ = dxµk̂µ = dv ∂ζ + d ζ̄ ∂u

Einstein → Plebański:

φ,vu − φ,ζζ̄ = (φ,uζ)2 − φ,ζζφ,vv
1 hµν ∼ kµkν =⇒ (φ,uζ)2 − φ,ζζφ,vv =⇒ �φ = 0.

2 Self-dual solutions ⇐⇒ �φ = 0.

3 Self-dual single copy: Aµ = k̂µφ.

4 Self-dual double copy: hµν = k̂µk̂νφ.
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Newman-Penrose map [Elor, Farnsworth, Graesser, Herczeg, 2020]

Newman-Penrose formalism for Kerr-Schild spacetimes

ω1 = dv + 1
2Vω

2,

ω2 = du + Φ̄dζ + Φd ζ̄ + ΦΦ̄dv ,

ω3 = Φdv + dζ ,

ω4 = Φ̄dv + d ζ̄ ,

g = 2(ω1ω2 − ω3ω4) = g0 + Vω2 ⊗ ω2 , g0 = 2(dudv − dζd ζ̄) .

1 Φ is a complex function and V is a real function which is determined
by Φ for vacuum solutions.

2 When ω2 is dual to a shear-free, geodesic null vector then Φ obeys:

Φ,v = ΦΦ,ζ , Φ,ζ̄ = ΦΦ,u =⇒ �Φ = 0.
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Newman-Penrose map [Elor, Farnsworth, Graesser, Herczeg, 2020]

The Map

1 Given a (real) Kerr-Schild spacetime in the Newman-Penrose form,
one has a complex harmonic scalar Φ.

2 We can now obtain a self-dual solution of Maxwell’s equations by
applying k̂µ:

Aµ = − Q

2πε0
k̂µΦ.

3 Well defined even for non-stationary, non-vacuum spacetimes.
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Newman-Penrose map [Elor, Farnsworth, Graesser, Herczeg, 2020]

Examples

1 Schwarzschild → Coulomb + i(magnetic monopole)

2 Kerr → rotating electric charge + i(rotating magnetic charge)

1 The real parts of the gauge fields are the usual classical single copies.

2 What about non-stationary, non-vacuum solutions?
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Photon Rocket spacetime [Kinnersley, 1969]

Contents

1 What can k̂ be?

xµ (1.1)

yµ(⌧) (1.2)

yµ(⌧R) (1.3)

�µ(x) (1.4)

gµ⌫ = g0
µ⌫ + k̂µk̂⌫� , gµ⌫ = g0,µ⌫ � k̂µk̂⌫� (1.5)

g0 = gµ⌫
0 dxµdx⌫ = 2(du dv � d⇣ d⇣̄) (1.6)

xµ = (x1, x2, x3, x4) = (u, v, ⇣, ⇣̄) (1.7)

xµ = (x1, x2, x3, x4) = (x2, x1,�x4,�x3) = (v, u,�⇣,�⇣̄) (1.8)

@µ = @/@xµ = (@u, @v, @⇣ , @⇣̄) (1.9)

@µ = (@v, @u,�@⇣̄ ,�@⇣) (1.10)

dxµ = (du, dv, d⇣, d⇣̄) (1.11)

dxµ = (dv, du,�d⇣̄,�d⇣) (1.12)

We now define a vector operator

k̂µ = (k0, k1, k2, k3) ⌘ (ku, kv, k⇣ , k⇣̄) (1.13)

k̂µ = (k0, k1, k2, k3) = (k1, k0,�k3,�k4) = (kv, ku,�k⇣̄ ,�k⇣ , ) (1.14)

and ask what general forms can it take such that

k̂µk̂µ(�) = 0 = k̂µ( )gµ⌫
0 k̂⌫(�) (1.15)

k̂ · @ = 0 (1.16)

First if k̂µg0
µ⌫k

⌫ = 0 than k̂µgµ⌫k
⌫ = k̂µg0

µ⌫k
⌫ + kµk̂µk̂⌫k

⌫� = 0. So we work with respect to the

flat space metric. In terms of component

k̂µk̂µ = 2(k0k1 � k2k3) = 0 ) k0k1 = k2k3 (1.17)

1
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1 Photon Rocket → Liénard Wiechert
+ i(arbitrarily accelerating magnetic monopole).

2 Agrees with [Luna, Monteiro, Nicholson, O’Connell, White 2016] without
any ad hoc corrections.
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k̂µ = (k0, k1, k2, k3) ⌘ (ku, kv, k⇣ , k⇣̄) (1.13)

k̂µ = (k0, k1, k2, k3) = (k1, k0,�k3,�k4) = (kv, ku,�k⇣̄ ,�k⇣ , ) (1.14)

and ask what general forms can it take such that

k̂µk̂µ(�) = 0 = k̂µ( )gµ⌫
0 k̂⌫(�) (1.15)

k̂ · @ = 0 (1.16)

First if k̂µg0
µ⌫k

⌫ = 0 than k̂µgµ⌫k
⌫ = k̂µg0

µ⌫k
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flat space metric. In terms of component
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1

1 Photon Rocket → Liénard Wiechert
+ i(arbitrarily accelerating magnetic monopole).

2 Agrees with [Luna, Monteiro, Nicholson, O’Connell, White 2016] without
any ad hoc corrections.
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Summary and future work

1 The Newman-Penrose map extends the classical double copy
non-stationary, non-vacuum solutions.

2 It gives the most convincing treatment so far of accelerating black
holes.

3 But it does not exhibit the usual double copy structure explicitly.

4 Can it be extended to self-dual gravity solutions, e.g. Eguchi-Hanson?

5 Can it be extended to double Kerr-Schild solutions, e.g. Taub-Nut?

6 Dimensions other than d = 4?

7 Beyond Kerr-Schild?
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