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Abstract—This paper explores methods to optimize and 
compare a variety of switched-capacitor (SC) DC-DC topologies 
that can be operated in a resonant mode. A figure of merit is 
developed that is a proxy for minimum achievable power loss, 
based on conduction and frequency-dependent losses in the active 
semiconductor components. Similar to past work on pure SC 
converters, the method leverages a charge-multiplier approach 
and is used to show the impact of energy or area constraints on 
capacitors, and tradeoffs between power loss and volumetric 
overhead of inductors. An analysis and detailed breakdown is 
provided for several common and emerging topologies. 

Keywords—DC-DC Converters, Resonant Converters, Switched 
Capacitor Circuits, Modelling and Optimization 

I.  INTRODUCTION 
In recent years, a variety of hybrid, resonant, and soft 

charged switched capacitor converters have been presented for 
applications spanning high-voltage power conversion, low-
voltage power delivery, renewable energy, and others, [1]–[8]. 
Most of the topologies presented thus far have their roots in well-
known switched-capacitor architectures such as series-parallel, 
ladder, and Dickson, [6]–[9]. Others have been known for some 
time, such as flying capacitor multilevel (FCML) converters, 
[1]. New topologies are also being proposed such as the stacked-
ladder, [4], and series-capacitor buck converter, [10]. 

While hybrid-resonant SC converters show great promise for 
applications that require both high efficiency and high power-
density, it has thus far been difficult to assess which topologies 
or architectures are most favorable given constraints on size 
(area or volume), energy storage, or power loss. The efforts of 
Makowski in [11] and Seeman in [12] provided a solid 
foundation for comparison of pure switched capacitor (SC) 
converters. For example, the fast-switching limit (FSL) figure of 
merit in [12] has proven useful in comparing topologies based 
on the V·A (or G·V2) product of switches. In the slow-switching 
limit (SSL) regime, topologies were effectively compared using 
similar constraints (e.g. C·V2) of capacitors.  

However, there are notable differences in the hybrid-
resonant case that complicate the use of a pure switched-
capacitor treatment. For example, charge-sharing losses in the 
SC stage can be significantly reduced or eliminated, [13], [14]. 
Thus, to first order, conduction loss is constrained by the 
resistance in charge-transfer loops, rather than the reactance. 
The use of an inductive impedance also helps to relax tradeoffs 
between conduction loss and switching frequency. For example, 
in resonant operation, it can be shown that the product of 

switching frequency times effective output resistance (fsw·Reff) 
can be reduced by approximately the quality factor, Q, of the 
circuit in a given operating phase, [14]. 

Thus, key differences between SC and hybrid-resonant SC 
converters include fundamentally different tradeoffs between 
frequency-dependent and conduction losses. They also differ in 
that hybrid-resonant converters require magnetic components – 
motivating a need to consider the size and power loss of any 
additional inductors. However, from an analytical perspective, 
there are many similarities. For example, the charge-multiplier 
treatments used in [11], [12] can also be used for resonant 
operation. The consideration of power loss and how that scales 
with different configurations of active and passive devices is 
also relevant. For example, it will be seen that the V·A (blocking 
voltage times rated current) product of active devices is an 
important consideration. It is also important to develop 
constraints on passive components (e.g. a common area, volume, 
or energy storage constraint) to have a meaningful comparison. 

This work presents a new figure of merit (FOM) to establish 
performance limits for hybrid-resonant SC converters. As will 
be seen, the FOM is a proxy for minimum achievable power loss 
based on conduction and frequency-dependent losses in the 
active semiconductor components. The metric is extended to 
consider relevant constraints on flying capacitance, and 
tradeoffs between loss and size of inductors. The FOM is 
relatively straightforward to compute for most topologies, but is 
also extensible to converters that operate in continuous-
conduction mode (CCM), or that require ‘split-phase’ operation, 
e.g. [9]. In fact, the generalized figure of merit is extensible to a 
variety of DC-DC converters provided a suitable constraint on 
switching frequency can be developed. However, it simplifies 
greatly for the resonant treatment, the main focus here. 

II. TOPOLOGIES AND MODELLING DETAILS 
Fig. 1 shows general schematic representations of several 

hybrid-resonant SC topologies, configured for N:1 step down 
dc-dc conversion. Each of the highlighted topologies uses N-1 
flying capacitors and a network of switching devices to perform 
ideally lossless voltage conversion. As is known in the literature, 
a subset of SC converters (series-parallel, FCML, Fibonacci, and 
split-phase version of the doubler and Dickson topologies) can 
be resonated or soft-charged with a single inductor, coupled to 
the input or output terminal, [2]. In these so called ‘direct 
conversion’ topologies, the inductor current is unidirectional 
(always flowing towards the output), [15]. A schematic for the 
generalized direct conversion scenario is shown in Fig. 2(a). 
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Fig. 1(d) shows a recently described topology that uses a 
switching process similar to an SC-ladder converter, but has 
charge flow and behavioral characteristics similar to the 
Dickson. Here, we will refer to this as the ‘stacked-ladder’ 
topology. As detailed in [4], this topology operates in two 
complementary interleaved operating phases, which can 
eliminate the need for bypass capacitors at common terminals. 
In pure resonant operation, the inductor current is bidirectional, 
approximating a sine wave with zero mean. Because only a 
fraction of the inductor current flows to the output in a given 
cycle, it is termed an ‘indirect conversion’ topology, similar to 
an indirect buck or boost converter, e.g. Fig. 2(b). 

Each of the topologies in Fig. 1 can be operated in many 
ways. For example, FCML converters are often used as 
multilevel buck converters where the inductor current 
approximates a ramp waveform and the purpose of the SC 
network is to reduce the volt-second product applied to the 
inductor, [1]–[3]. However, it can also operate in resonant 
modes for unregulated N:1 (or multilevel) step down, or quasi-
resonant modes when modest regulation is required, [3]. Similar 
operating modes are possible for all of the topologies in Fig. 1. 

Some details important to this work include that we will 
focus on N:1 step down dc-dc conversion, where N is the 
conversion ratio. We will also limit the analysis to a subset of 
hybrid SC topologies that do not have internal charge sharing 
(are ideally lossless in resonant operation), and where the 
number of resonating inductors is independent of the conversion 
ratio, N. This will include the topologies in Fig. 1 and also the 
Fibonacci converter. For the Dickson topology, we will treat 
‘split-phase’ operation, e.g. [9], to eliminate internal charge 
sharing. We will also focus primarily on resonant operation as it 
is a good proxy for power loss in other operating modes 

spanning continuous- and discontinuous-conduction modes 
(CCM and DCM), [3], [14]. 

Note that we will use the term ‘phase’ and subscript, j, to 
refer to the different switching states of the converter (this 
should not be confused with ‘phase’ in the sense of multiphase 
interleaving). Two-phase resonant examples include series-
parallel, stacked ladder, and Fibonacci. Resonant FCML 
converters will operate with N switching phases where Si and Si

* 
indicate complementary switch pairs. Split-phase Dickson 
converters use 2 primary switching phases, with 1-2 associated 
split-phase intervals to establish a common voltage on the 
switching node, Vx, before connecting all flying capacitors, [9].  

Finally, the treatment that follows will require an assessment 
of the nominal blocking voltages for the switches and capacitors, 
as well as their rated currents. Thus, in Fig. 1, the voltage ratings 
for the switches and capacitors are indicated with respect to the 
output voltage, Vout, e.g. 1xVout, 2xVout, etc. 

 
Fig. 1. Example hybrid switched capacitor topologies 

 
Fig. 2 Representative converter models: (a) generalized SC converter that can be 
resonated with a single inductor, (b) alternative topology with indirect energy 
transfer, (c) steady-state behavioral converter model. 



III. ANALYTICAL TREATMENT & FOM DEVELOPMENT 
In principle, any of these circuit topologies can be modelled 

behaviorally by the circuit in Fig. 2(c). The steady state 
behavioral model captures the open-loop loadline and 
conduction loss of the converter through the effective output 
resistance, Reff. Notably, the work in [12] used output impedance 
models to derive performance-limit figures of merit (FOMs) for 
a variety of SC topologies. The work in [14] developed 
simplified models for topologies where all charge flow links the 
output terminal. Reference [14] also provided an optimization 
method based on the Reff model, which was augmented to 
include frequency-dependent loss terms (e.g. Psw in Fig. 2(c)).  

While these past efforts were successful in comparing pure 
SC converters and limited examples of the resonant case, we will 
use a slightly different perspective going forward. For example, 
consider that all power loss in a circuit can be expressed as: 

 statk swkswi iirmsLoss PfERIP ++= åå ,
2
, , (1)  

where Irms,i is the root-mean-squared (rms) current flowing in a 
resistive element, Ri; the term Esw,k, represents a source of energy 
loss that is incurred in each switching cycle or power loss that is 
proportional to the switching frequency, fsw. The term Pstat is any 
static (DC) power or power loss that is uncorrelated with the load 
current or switching frequency. Thus (1) represents all power 
loss in the circuit provided that the summation captures all 
resistive (conduction) loss elements, all frequency-dependent 
loss elements, and un-correlated or static power that is not 
captured in the other terms. 

Next, consider a single switching device, Mi, in any of the 
topologies in Fig. 1. In steady state, the switch will be loaded 
with a root-mean-squared current, Irms,i, that depends on the DC 
output current, Iout, and the dynamical properties of the current 
waveform in the switch. Consider that the device can be sized 
arbitrarily and has some ‘on’ resistance, Ron,i, and some 
associated switching energy, Esw,i. The switching energy Esw,i 
can be appreciated as any size-dependent energy loss incurred 
during each switching cycle. Thus, the power loss associated 
with Mi can be expressed as: 

 swiswispgiswisponirmsiloss fWEWRIP ,,,,,,
2
,, / += , (2) 

where Wsw,i is switch width or area, Ron,sp,i is the size-normalized 
specific ‘on’ resistance of the device, and Eg,sp,i is the size-
normalized specific switching energy. Thus Ron,i = Ron,sp,i/Wsw,i, 
and Esw,i = Eg,sp,i·Wsw,i. A well-known optimization for the size-
dependent loss expression in (2) follows as: 

 ispgisponswirmsi ERfIP ,,,,,min, 2= , (3) 

where Pmin,i is the minimum power loss associated with switch, 
Mi. Thus it can be shown by completing the summation across 
all switches that 

 å
Î

=
switchesi
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Note that the expression in (4) only considers losses in the 
semiconductor components. Also, several assumptions are 
embedded in the derivation thus far. For example, we assume 

that Ron,sp is independent of fsw, and that Eg,sp is independent of 
Irms. Note that the latter assumption may require zero-current 
switching, or some other method to eliminate current-dependent 
switching loss. The relationship in (4) also neglects static power, 
fixed conduction loss, and frequency-dependent losses that are 
not dependent on the switch sizes. Static power and fixed 
conduction loss do not present a challenge going forward. As we 
will optimize for a fixed load current, the conduction loss portion 
can be lumped into static power, which can be added in later. 

However, stray frequency-dependent losses are an important 
consideration.  For example, in this work, we will not include 
bottom-plate (or common-mode CV2) switching loss. The 
reasoning is that bottom plate losses are notably reduced in 
resonant SC architectures because of the lower switching 
frequency, [14]. These can also be reduced by operating with 
zero-voltage switching as was done in [7]. We will, however, 
treat some of the dominant fixed and frequency-dependent 
losses in the magnetic components. As this treatment is 
primarily applicable to linear parameters and dynamics, we will 
not include core loss, however we will consider a simplified air-
core scaling model that includes both low-frequency (DC) 
resistance, and high-frequency (AC) resistance, e.g. skin effect. 

IV. MINIMUM POWER-LOSS FIGURE OF MERIT (FOM) 
To streamline and generalize the analysis, we will proceed 

by using a charge multiplier treatment to extend the loss 
expression in (4). Charge multipliers are widely used in SC 
treatments and generally consider a fraction of total output 
charge that flows in the individual active and passive devices, 
[12]. For example, consider that the total charge that flows to the 
output in a given switching cycle is: 

 å
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where qj is the charge that flows to the output in a given 
switching phase, j Î {1..n}, and where n is the total number of 
phases (e.g. n = 2 for series-parallel, n = N for FCML). 

Using the same notation as in [12], the charge multiplier for 
a given switch, ar,i = qr,i/qout, will represent the total charge that 
flows through switch Mi, normalized to the total charge 
delivered to the output in a given switching cycle. Later, we will 
also use ar,j = qr,j/qout, as the charge that flows through the switch 
only in a given operating phase, j, (i.e. ar,i = Sar,j). Using (5) and 
the definition for ar,i, we can relate the dc (or average) current in 
the switch to the total output (load) current: 

 outiridc IaI ,, = . (6) 

Introducing also a term βr,i, which is the rms/dc current ratio 
in the switch, allows us to directly express the rms current in the 
switch in terms of the charge multiplier: 

 outiririrms IaI ,,, b= . (7) 

Thus (4) can be written as: 

 å
Î

=
switchesi

ispgisponirirswouttotal ERafIP ,,,,,,2 b , (8) 

where common terms have been pulled out of the summation. 



The next consideration is the device-specific metrics, Ron,sp,i, 
and Eg,sp,i and how these scale with blocking or breakdown 
voltage. More specifically, we are interested in how these scale 
with respect to a reference device with specific parameters 
Ron,sp,0 and Eg,sp,0 and a voltage rating, vr,0, in the form of: 

 a
irspgsponispgispon vERER ,0,,0,,,,,, = , (9) 

where vr,i is the voltage rating of device Mi, normalized to vr,0, 
and α is an exponent that governs the scaling relationship. 

Scaling of specific device parameters is relatively complex 
and depends on many details such as the semiconductor material 
and bandgap, geometries, doping profiles, electric field limits, 
etc. However, as outlined in Table I., some simplified scenarios 
and treatments are possible. For example, it can be shown that 
for a long-channel CMOS device where all dimensions are 
scaled to maintain constant electric field across all junctions and 
oxides, the specific device metric scales with the cube of rated 
voltage. In a scenario that uses a number of low-voltage 
cascoded devices to achieve a higher voltage rating, it can be 
shown that both Ron,sp and Eg,sp scale with vr, thus α = 2. This can 
be appreciated as similar to the G·V2 cost scaling model used in 
[12]. In more advanced devices (GaN, SiC) where switching 
energy is relatively constant with rated voltage, a model with 1 
< α < 2 is more appropriate.  

TABLE I. SPECIFIC DEVICE PARAMETER VOLTAGE SCALING 
Assumption Scaling 

1 - Constant field (single device) Ron,spEg,sp ∝ vr
3 

2 - Constant field (cascode) Ron,spEg,sp ∝ vr
2 

3 – Other (e.g. constant switching energy) Ron,spEg,sp ∝ vr 

Using a default scaling factor of α = 2, which is consistent 
with a cascode arrangement (or the G·V2 cost scaling in [12]), 
the relationship in (8) can be written as: 

 å
Î
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where all common terms have been pulled out of the summation. 
From this expression, a common figure of merit (FOM) can be 
developed by including only the topology dependent portion. 
Thus, we propose the following expression as a useful tool to 
compare across arbitrary dc-dc topologies: 

 å
Î

=
switchesi
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Here, the term fsw
* represents the normalized effective 

switching frequency of the converter. The ‘*’ simply indicates 
that it must be computed for an individual converter, or a 
uniform constraint must be developed for the FOM to be useful. 
In the case of resonant SC converters, this constraint is relatively 
intuitive (i.e. the resonant frequency) and will be discussed 
further below. The FOM in (11) deviates from the SSL and FSL 
FOMs in [12] in a few important ways. Most importantly, it is a 
minimum power loss FOM, thus a suitably constrained design is 
better when it has a lower value. The FOM also merges aspects 
of both passive and active device utilization and is thus a 
singular metric rather than an asymptotic performance limit.  

However, it should be noted that in the optimization that 
leads to (3), the switch size is inherently unconstrained. The 
rationale for this is that in most designs, the area or volume of 
the semiconductor devices is much less than that of the passive 
components. Here, the assumption is that passive component 
volume will dominate, and thus the goal is to achieve minimum 
loss with optimally sized switching devices. Thus we will later 
apply constraints only to the passive components – more like the 
constraints applied for the SSL case in [12], [16]. Therefore the 
constraints applied to the VA product, die area, or even total 
parasitic capacitance in [16] are very different than what is done 
here as they can be viewed as minimizing conduction loss for a 
given constraint, whereas here we will minimize total loss with 
constraints applied only to the passive components.  

V. DEVELOPMENT OF RESC EXPRESSIONS 
For treatment of resonated SC converters, a constraint on fsw

* 
is intuitively related to the resonant frequency of the converter. 
Assuming high-Q operation (Q > ~3), and that the inductance, 
L, is the same in each switching phase, j Î {1..n}, where n is the 
number of phases, an expression for the switching frequency of 
the converter follows as: 

 ( ) 11** )(
-

Î
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where Cj is the Thevenin equivalent capacitance seen by the 
inductor in operating phase, j. Therefore, it can be seen that 
constraints applied to the passive components will impact the 
FOM in (11) through their effect on the switching frequency. A 
converter with better passive component utilization will have a 
lower switching frequency, and thus a lower (better) FOM. 

TABLE II. SWITCHING FREQUENCY OF VARIOUS TOPOLOGIES 
Topology Switching Frequencya 

Series-Parallel 
1

*
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-
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a. assumes all capacitances Ci have the same value 

For example, consider the series-parallel topology in Fig. 
1(a). Assuming all flying capacitors, Ci, are equal, in the parallel 
phase (j = 1), Cj = (N-1)Ci; in the series phase (j = 2), Cj = Ci/(N-
1). This gives a switching frequency, fsw

*, shown in Table II. It 
will be seen that the series-parallel operates at the lowest 
frequency of any hybrid SC converter, and therefore has the best 
capacitance utilization, similar to the conclusion reached in [12]. 

In resonant operation, an expression for the rms/dc current 
(βr,i) in each switch can be computed by assuming a sinusoidal 
current trajectory in each switching phase, j Î mi, where mi Í 
{1..n} is the subset of phases that the switch is ‘on.’ Thus, the 
rms/dc current ratio in a given switch in resonant operation is: 
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where, ar,i is the charge multiplier for the switch across the full 
switching period; ar,j is the charge multiplier of the same switch 
for a given phase, j Î mi. Thus combining (12) and (13) in (10), 
the minimum power loss expression becomes: 
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And, dropping all the common terms that are not topology 
dependent, the minimum power loss figure of merit becomes: 
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where the outer summation proceeds across all switching 
devices; the inner summation is over all switching phases that 
the switch is ‘on,’ or conducting current.  

In a simplified scenario that a switch is only ‘on’ in a single 
operating phase (e.g. series-parallel, Fibonacci, or stacked-
ladder), the expression in (15) simplifies to: 

 åÎ
=

switchesi
ij

irir

C
va

FOM 4/1
,

,,
ReSC )(

, (16) 

where, Cj,i is the capacitance Cj for the phase, j, that switch Mi is 
‘on.’ 

VI. CONSTRAINTS ON CAPACTITOR ENERGY AND AREA 
The expressions in (14)-(16) are useful in comparing 

arbitrary resonant SC topologies, but is most interesting to 
explore for common constraints on passive components. Next, 
we will explore constraints on total energy and area of flying 
capacitors. An important note is that we will treat the scenario 
where all flying capacitors, Ci, have equal capacitance. This is 
required for series-parallel to maintain charge and voltage 
balance; it is required for other topologies (e.g. Fibonacci) in 
order to prevent internal charge sharing, [2]. Equal capacitance 
segmentation is also required for the simplest version of the 
split-phase Dickson converter, [9]. It is not required for FCML, 
but is still commonly used in most implementations. 

A constraint on the total energy storage of flying capacitors 
can be constructed using: 
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where Menergy is a constraint related to the total energy storage of 
all capacitors, and vc,i is the blocking voltage of an individual 
capacitor, Ci, normalized to a reference blocking voltage, vc,0 = 
Vout. With all capacitors, Ci, of equal value, the expression is a 
simplified form of the similar constraint in [12].  

A separate constraint can be applied to the total area of flying 
capacitors. With a linear dielectric, it can be shown that 
capacitance per unit area scales inversely with rated voltage as: 
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where Marea is a constraint related to the total area and vc,i is the 
blocking voltage. Table III. shows the values of flying capacitors 
for the converters in Fig. 1 using the constraints in (17) and (18). 
Here, the values for Menergy and Marea are set to one as only 
relative quantities are needed going forward. 

TABLE III. CAPACITOR VALUES FOR RESPECTIVE CONSTRAINTS 
Topology Energy Constraint Area Constraint 

Series-Parallel 
1

1
-

=
N

Ci  
1

1
-

=
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Ci  

FCML, Dickson 
)12)(1(

6
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=
NNN
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3
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Ci  
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1
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Ci  

b. Considers the interleaved implementation in Fig. 1(d) 

The comparison can be completed in a couple of ways. The 
expressions (15)-(16) can be combined with the constrained 
values of flying capacitors, Ci, in Table III, which are used to 
compute the Thevenin equivalent capacitance Cj in a given 
operating phase. Then using a priori knowledge of the vr,i and 
ar,j terms for each switching device, the summations in (15) or 
(16) proceed directly. Alternatively, the values of βr,i and fsw

* can 
be computed and the form shown in (11) can be used. 

For example, in the series-parallel topology, (16) may be 
used with ar,i = 1/N, vr,i = 1, Cj=1 = (N-1)Ci, and Cj=2 = Ci/(N-1), 
and Ci taking the values in Table III. Thus it can be shown that 
for either the area or energy constraint: 

 2/3
,_ )1(21 -+-= N

N
NFOM EnergyAreaSP . (19) 

The FCML and stacked-ladder topologies can be analyzed 
similarly to derive closed-form expressions for their FOMs. 
However, the Dickson split phase and Fibonacci converters 
require a numerical treatment. In the Fibonacci case, there is no 
closed form expression for summations in (11) or (16), so the 
result of (11) is computed numerically. The Dickson split-phase 
result is also computed numerically as it involves 1-2 sub-phases 
that are used to equalize voltage on the switching node. Thus the 
fsw

* and βr,i are computed for each conversion ratio and (11) is 
used to derive the FOM. 

VII. COMPARISON WITH CAPACITOR CONSTRAINTS 
Fig. 3 shows the expressions for the total derived FOM in 

(15)-(16) with different constraints on capacitance. As a 
reminder, this can be considered a proxy for minimum 
achievable power loss, and thus lower is better. Fig. 3(a) shows 
the results given the capacitor energy constraint in (17), and 
where performance is normalized to the nominal 2:1 ratio. Fig. 
3(b) considers the constraint on total capacitor area, (18), again 
normalized to the 2:1 converter. 

From these plots, it can be seen that certain topologies (e.g. 
Fibonacci) appear to perform worse in either constraint, at least 
for moderate-low conversion ratios.  



 
(a) Total energy constraint on capacitance 

 
(b) Total area constraint on capacitance 

Fig. 3 Normalized FOM comparison of different resonant SC architectures. 

Topologies with low voltage-rated capacitors (e.g. series-
parallel) perform relatively better in the energy constraint which 
penalizes high voltage-rated capacitors more than in the area 
constraint. Other topologies (Dickson and stacked ladder) 
perform uniformly better, especially at higher conversion ratios. 
Also apparent is a penalty incurred by the split-phase Dickson 
compared to stacked ladder. As these topologies have the same 
VA product, the differences result from different rms/dc ratios 
(βr,i) and different normalized switching frequencies.  

To provide more insight into these figures of merit, examples 
of the normalized switching frequency and the modified VA 
product (Sβr,iar,i,vr,i) are shown in Fig. 4(a)-(b). Note that the 
Sβr,iar,i,vr,i expression is valid for either the energy or area 
constraint; fsw is shown only for the energy constraint (it is 
slightly different for the area constraint but the trends are 
similar). Here, switching frequency is an indication of 
capacitance utilization: converters which better utilize total 
capacitor energy (or area) would operate at lower switching 
frequency. The Sβr,iar,i,vr,i metric relates to switch utilization for 
a given topology, similar to the pure SC case, [12]. 

It may be observed that (similar to the SSL/FSL metrics 
derived for SC converters in [12]) topologies that perform well 
in terms of switch utilization, usually have worse capacitance 
utilization and vice versa. However, topologies with good 
switch utilization tend to outperform overall. This is because 
performance is ultimately linear with switch metrics (AV 
product), and sublinear with switching frequency or capacitance. 
This provides an inherent (fundamental) advantage to the 
Dickson-based architectures as they are the best in terms of 
active-device utilization. 

 
(a) Switching frequency versus conversion ratio (energy constraint) 

 
(b) Converter Sβr,iar,i,vr,i versus conversion ratio (energy or area constraint) 

Fig. 4 Breakdown of FOM components: fsw, and Sβr,iar,i,vr,i vs conversion ratio 

In the analysis so far, stacked-ladder topology achieves the 
best performance-limit across all conversion ratios. Split-phase 
Dickson is slightly degraded by higher rms/dc ratio, and higher 
switching frequency (capacitance utilization is reduced by the 
split phase operation as not all capacitors are used at all times). 
However, it should be noted that we have not yet included power 
losses or volumetric constraints for the magnetic components. In 
Figs. 3-4 the stacked ladder benefits because (without a scaling 
model) we have afforded it twice the inductance of the other 
topologies. Therefore, we next proceed to a more comprehensive 
model that includes losses and constraints for the magnetic 
components. 

VIII. INDUCTOR LOSS AND VOLUMETRIC SCALING 
Power loss in a volumetrically constrained inductor is a 

critical consideration for a more detailed comparison. An 
important observation that can be made from (14) is that 
minimum power loss goes with 1/L¼. This expression (and the 
analysis so far) assumes an ideally lossless inductor, which 
implies that that power loss can be reduced (arbitrarily) by 
increasing inductance and therefore reducing the switching 
frequency. However, in practice this is unrealistic. Intuitively, 
with a fixed volume, increasing inductance (through higher turns 
ratio or flux density) will increase power loss in the component.  

To complete a simplified scaling analysis, we borrow the air-
core scaling model presented in [17]. Our analysis considers two 
scenarios: constant-volume inductance scaling, and dimensional 
scaling. In dimensional scaling, the geometric profile of the 
inductor is maintained and all linear dimensions are scaled by a 
factor, ε. It can be shown for simple geometries (e.g. an air-core 
solenoid), that: 
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where L0
* and RDC,0

* are the dimensionally scaled inductance and 
low-frequency (DC) resistance of an inductor base model. The 
term RAC,0 captures the AC resistance, which is invariant with 
dimensional scaling, but is frequency-dependent as a result of 
the skin effect, where, k0 is the skin-effect parameter.  

For constant volume scaling, assuming inductance L ∝ N2, 
where N is the turns ratio, then: Resr ∝ N2 = Resr,0·L/L0, where L0 
and Resr,0 are the inductance and effective series resistance of the 
reference (base-model) inductor; L and Resr are the inductance 
and resistance of the scaled model. Thus it can be shown that: 
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where RDC and RAC are the asymptotic low- and high-frequency 
resistance of the inductor respectively, when scaled to have 
inductance, L, in a given volume, respective of the base model. 

Assuming a linear loss model, the power spectral density of 
the inductor current waveform can be applied to the resistance 
model in (21) and the spectral components can be added into the 
loss expression in (14): 

 å+=
k

kk
f

ffswitchestotal RIPP 2
min, , (22) 

where Ifk are terms in the spectral decomposition of inductor 
current and Rfk is the resistance of the inductor at frequency fk. 

However, a simpler path forward is to consider first only DC 
resistance in the inductor. For direct-conversion topologies, Fig. 
1(a)-(c), this is reasonable as up to 80% of the harmonic power 
is in the dc component, [15]. Thus (22) is modified in terms of 
the rms inductor current waveform, Irms,L, and the inductor 
resistance is treated as invariant with frequency: 

 DCLrmsswitchestotal RIPP 2
,min, += , (23) 

where Pmin,switches is the same expression as in (14). Notably (14) 
is proportional to 1/L¼, whereas RDC from (21) is proportional to 
L, thus there is an opportunity to find the value of inductance 
that minimizes (23) for a fixed volume (ε = 1). In a simplified 
form, (23) can be parametrized as follows: 

 LKLKPtotal 2
4/1

1 += - , (24) 

where K1 are the terms in (14) not including the inductor, and K2 
follows from (21). Minimizing (24) w.r.t. inductance, L, gives:  

 ( ) 5/1
2

4
1min, 4

4
5 KKP total = , (25) 

and, substituting in the expressions for K1 and K2 and removing 
common terms that are not topology dependent gives: 
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where, again, RDC,0 and L0 are the DC resistance and inductance 
of the base model inductor. The term βr,L is the ratio of rms 
current in the inductor to the load current, which is topology 
dependent, but invariant with frequency and volumetric scaling. 
Thus, it can be appreciated that for any topology where DC or 
frequency-invariant loss dominates in the inductor, (26) can be 
used as a FOM for comparison. It may also be noted that each 
topology is affected similarly by dimensional scaling. For 
example, because the ratio of RDC,0/L0 of the inductor base model 
scales with 1/ε2, the power loss in an optimized design subject 
to DC resistance loss in the inductor scales with 1/ε2/5. 

 

 
Fig. 5 Normalized comparison with volumetric inductor constraint and DC 
resistance model.  

Fig. 5 compares the topologies in Fig. 1 using a total volume 
constraint on inductance and the DC loss model in (26). For the 
stacked-ladder case, we have constrained total inductor volume, 
such that two inductors each have ½ the volume of the single 
inductor in the other topologies, and their loss is summed. This 
results in both higher normalized switching frequency and 
higher net DC resistance in the inductors.  

Notable differences from the plots in Fig. 3 include that the 
benefit of the stacked ladder topology is less pronounced, 
especially at lower conversion ratios. The split-phase Dickson is 
slightly better than stacked-ladder at higher conversion ratios, 
but still worse than more conventional topologies at lower 
conversion ratios due to higher rms/dc ratios. In fact, for energy-
constrained capacitance, series-parallel is slightly better than the 
other topologies for conversion ratios less than 6:1; for area-
constrained capacitance, FCML (slightly) outperforms Dickson 
topologies for conversion ratios less than ~5:1. 

(a) Total energy constraint on capacitance 

(b) Total area constraint on capacitance 



A second perspective can be developed with a model that 
includes the AC resistance term in (21). Note that each topology 
has very different AC characteristics. For example, in high-Q 
resonance, the stacked ladder has nearly all power concentrated 
at the fundamental resonant frequency. In FCML converters, the 
dominant spectral content is at N·fsw due to the effective 
multiplication of switching frequency. In series-parallel, the 
dominant spectral power ranges between 2·fsw and fsw, [18]. 

The most accurate treatment would use the power spectral 
decomposition in (22). However, a truly general comparison is 
not possible because many topologies have appreciable spectral 
content at DC and there is no inherent correlation between k0 and 
RDC,0. Thus, here we treat only the impact of skin-effect AC-
resistance, parametrized by k0, and set RDC,0 = 0. We also make 
the simplification that all spectral power other than the DC term 
is at the dominant spurious harmonic. This is an approximation, 
but can be used for a first order comparison. 

 

 
Fig. 6 Normalized comparison that considers AC inductor resistance.  

In Fig. 6, it can be seen that when AC losses dominate in the 
magnetic component, it penalizes the stacked ladder more than 
in Fig. 5. It also tends to penalize converters that operate at 
higher switching frequencies (Dickson), or which multiply the 
frequency content in the inductor (FCML). In Fact, for the 
energy-constrained capacitance scenario, the series-parallel 
topology shows as the most favorable across all conversion 
ratios. In capacitance area-constrained designs, the FCML and 
series parallel are the best at lower conversion ratios. However, 
at higher conversion ratios (N>~6:1), the split-phase Dickson 
has the lowest power-loss figure of merit. 

Finally, it should be noted that comparisons shown in Figs. 
5-6 are only a general guideline for the relative performance of 
these topologies. A number of extraneous factors have not been 
modelled that can affect the ultimate design decision. These 
include factors such as bottom-plate switching loss, resistive and 
dielectric losses in capacitors, output voltage ripple and bypass 
capacitance allocation, e.g. [18], other operating modes (CCM 
and DCM), and the complexity of the design implementation. 
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